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Figure 1, a typical low-pass filter 

Application of Convex Optimization  
in Digital Filter Design 

 
 
• Overview of Digital Filter Design 
 
This world is full of signals[1], which are the necessary ways to realize the 
communication among people. Nowadays, radio, music, and cell phone signals have 
become the indispensable part in people’s everyday life. Signal processing technology 
has been developing rapidly since the beginning of this information world. 
 
Signals can be either time-varying variables, which are called continuous/analog signals, 
or time-varying sequences, which are called discrete/digital signals. From the eyes of 
engineers, signals usually contain different information of different frequencies, so that 
we can have both time-domain analysis and frequency-domain analysis of the signals. An 
analog signal is usually denoted by u(t), where t is the continuous time. An analog signal 
can have continuous frequency spectrum after we use Fourier Transform (FT) to obtain 
its frequency domain information. A discrete signal is usually denoted by u(k), where k is 
an integer number. We can get the frequency-domain analysis of a digital signal by using 
Z-transform. 
 
Generally speaking, any signal processing function can be called a filter[1], while from the 
electronics’ view, a filter is the device that can discard the parts with frequencies we do 
not want while keeping useful frequencies of the input signals. Nowadays, filters are 
widely used in people’s real life. We use filter primarily for two reasons. The first reason 
is that we can use filter to separate information in different frequencies into different 
channels, so that each channel can transmit a specific frequency range. The second one is 
that, we can use filter to discard/depress unwanted frequency parts. For example, noise is 
usually high-frequency signals regard to useful information; therefore, we can use a low-
pass filter to depress this noise. 
 
Figure 1 shows a typical low-
pass filter, with its passband 
from frequency 0 to wp, and 
stopband from ws to infinity. 
The magnitude of the transfer 
function H(F) should be as 
close to 1 as possible in its 
passband and as close to 0 as 
possible in its stopband[1]. 
The solid line of response is 
not a perfect filter. For 
perfect filters, the |H(F)| 
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response should equal to 1 in the passband and equal to 0 in the stopband, however, as we 
know from DSP courses, this is not possible, so that we can only try our best to 
approximate the response of the perfect filter. 
 
There are primarily two types of filters[1], analog filters and digital filters. An analog filter 
is the analog circuit that can filter analog signals, while a digital filter is the digital circuit 
that can filter digital signals. In this modern world, people are using digital signals and 
digital filters more and more than analog signals and analog filters. This is because digital 
systems have two advantages over analog systems. One is that nowadays, especially after 
the birth of computer technologies, we can use computers to help us process signals, and 
computers are digital systems. The second reason is that usually digital signals can be 
much more easily recovered from being noise-corrupted than analog signals. Both in 
analog filters and in digital filters, we can have a frequency-domain response from 
frequency 0 to infinity, but because of periodicity and symmetry of the Z-transform, we 
are only interested in the frequency range [0, π]. For a digital system, we define its 
transfer function as below: 
                                                                               
                                                                                                                                     (1) 
 
where X(z) is the Z-transform of the input signal, and Y(z) is the Z-transform of the 
output signal. H(z) is called transfer function of the system. Although from this 
equation, we can see that H(z) is the ratio of Y(z) and X(z), however, H(z) is actually a 
system function, and it does not change with the change of X(z) or Y(z). It is only 
dependent on the system. 
 
           (2) 
   
           (3) 
 
 
           (4) 
 
 
           (5) 
 
Digital filters can also be separated into two types, FIR (finite impulse response) and IIR 
(infinite impulse response) filters. Equations (2) (3) (4) (5) are FIR filter equation, FIR 
filter Z-transform, IIR filter equation, and IIR filter Z-transform, respectively. In these 
equations, y(t) is the output signal at time t, while u(t) is the input signal at time t, and 
u(t-k) and y(t-k) denote the input and output signal k steps before the time t. Coefficients 
h’s, a’s and b’s are parameters that are to be decided during the design process. So as we 
can see, for FIR filters, the present output signal only depends on the input signals, both 
previous and present, while for IIR filters, the present output not only depends on the 
input signals, but it also depends on the previous outputs.  
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• Describe Digital Filter Design as a Convex Optimization Problem 
 
No matter whether it is FIR or IIR digital filter design problems[2][3] we are trying to 
solve, we can describe the problem as an optimization problem like (6). In (6), H is the 
transfer function of the system, like H in (3) or (5) for FIR and IIR, respectively. Here, 
we do not use H(z) any more, but H(w), where z=ejw, w is the angel frequency and w=2 π 
f, f is frequency. After this replacement, H(ejw) or H(w) becomes exactly the frequency-
domain response of the system, and usually H(w) is complex. |H(w)|2 is called the power 
spectrum of the system when the input signal is an impulse, while P is the given power 
spectrum which we are trying to approximate. The actual task of filter design is trying to 
design a set of coefficients a’s b’s for IIR filters or h’s for FIR filters so that the derived 
|H(w)|2 of the filter can approximate the given power spectrum P as closely as possible. 
Because the frequency range we are interested in is continuous from 0 to π, we usually 
discretize this frequency section by N+1 points and try to let |H(w)|2 of the filter 
approximate to P at each of these N+1 points. However, this actually can not guarantee 
that the final result is not only good in these discrete points, but also good between the 
sections of two adjacent points, so checking the result in the continuous frequency section 
is necessary after the design. We can obtain the distinction between the given power 
spectrum and the power spectrum which we derive from |H(w)|2 of the filter at any of 
these N+1 points. And we want to minimize the maximum of these distinctions. The 
constraint here bTb=1 is just normalization. The optimization variables in this problems 
are a’s and b’s for IIR design, or h’s for FIR design 
 
           (6) 
 
What is unlucky, (6) is not convex in a’s b’s or h’s[3], and we have to use the auto-
correlation technique to derive a convex problem. 
 
           (7) 
 
 
           (8) 
 
 
           (9) 
 
 
For the general case of (5), also the IIR case, we can bring two new sets of parameters u’s 
and v’s, where uk and vk here denote k-step auto-correlation of coefficients a’s and b’s, 
respectively. From reference paper [2], we know that they are one-to-one corresponding, 
that is to say, if we know a’s and b’s, u’s and v’s are immediately decided, and vice 
verse. After these parameter replacements, the calculated power spectrum |H(w)|2 
becomes the ratio of U and V, where U and V are expressed in (8) and (9), and they are 
both functions of frequency w. Under these circumstances, the problem becomes a 
convex optimization problem, described in (10). 
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Figure 2, an experiment

 
 
           (10) 
 
 
 
 
           (11) 
 
 
(11) is an equivalent way to describe the convex optimization problem as (10), but with 
much more comfort to implement.  
 
Figure (2) shows the result of an experiment[2]. In this experiment, we want to 
approximate the given power spectrum P (dashed line) by using n=14, m=15 orders of 
polynomials on numerator and denominator of equation (5), in which we are trying to use 
an IIR filter 
design. This 
experiment shows 
a very good 
result. As we can 
see from Figure 
(2), although there 
are some parts of 
the curve where 
the solid line and 
the dashed line do 
not match very 
much with each 
other especially 
when the curve 
changes very fast, 
we still get a good 
approximation at 
most of the parts 
of the curve. This 
experiment proves 
that our convex optimization method has the potential to become a method for digital 
filter design. 
 
For a special case[2], FIR digital filter design, we can also use the above formulas (6) – 
(11), in which case, b0=1 and b1=0, b2=0, …, bm=0. However, we can derive it in a simple 
way. For FIR design problem (2)(3)(6), we can use (12), only one auto-correlation 
relation to replace the coefficients. The FIR digital filter design problem finally becomes 
like (13) or (14), and in (14), x’s become the optimization variables, and x’s are also one-
to-one corresponding to h’s. 
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Figure 3, a bandpass filter 

 
           (12) 
 
 
 
           (13) 
 
 
 
 
           (14) 
 
 
 
in (13) and (14), Lk and Uk 
denote the lower limit and 
upper limit of |H(w)| in the 
kth frequency section. 
Usually these lower limits 
and upper limits are decided 
by power spectrum, and they 
are parameters to describe the 
feature of a specific filter. 
wk=0 for passbands, and 
wk=1 for stopbands, so 
actually we are trying to limit 
the magnitude of the transfer 
function or its square 
between a pair of given upper 
and lower limits at each 
points while trying to 
minimize the power 
consumed in stopbands. 
 
 
• Examples and Comparisons 
 
Figure 3 shows the result of a bandpass filter using convex optimization method[2]. The 
requirement of this filter is:  
 

Order n=24  
stopband [0, 0.2π], Upperbound -13.2db  
Passband [0.25π, 0.45π], Gain +-0.5db  
Stopband [0.52 π, π], Upperbound -23db 

 
The convex optimization description of this bandpass problem is show in (15) 



CAAM 554 Final Report                                                                             S01074507    GUOPING CHANG 

Page 6 of 8 

 
            
           (15) 
 
 
 
As we can see, the result of this solution is perfect. Both the passband and the two 
stopbands can satisfy the requirements of this problem.  
 
Figure 4 shows an example of FIR filter design. The indices of this filter are as below: 

 
passband [0,0.3π],  + - 2 db;   stopband [0.5π, π],  < -50 db 

 
N=27       N=28 

 

 
  N=29       N=30 

 
Figure 4, a FIR filter design using convex optimization method 
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Figure 5, continuous response of the FIR filter in Figure 4 

In Figure 4, we display the results from using conventional FIR design method (red line) 
and the results from using convex optimization method when the polynomial order is 27, 
28, 29 and 30 respectively. When using the conventional method, we have to use a 
polynomial of order 33 to approximate the requirements. However, when using the 
convex optimization method, we just use an order of at most 30 to get the suitable results. 
And these results all have a much better improvement especially in the stopband, and 
with the increase of the order, the result is getting better and better. 
 
As we stated, we have to 
check the final result after 
the completion of our 
design, because we have to 
make sure that not only in 
the discrete points we can 
get the good result, but in 
those sections between 
points, we can also get a 
good result. Figure 5 shows 
the result along the 
continuous frequency. The 
most important difference 
between curve in Figure 5 
and curve N=30 in Figure 4 
is that there exists much 
more vibration in section 
[1.5, 2] in Figure 5 than in 
Figure 4. However, this 
does not affect the satisfaction of requirements in this problem, therefore, N=30 is a very 
good design when using convex optimization method. 
 
Figure 6 gives an example of IIR filter design when using convex optimization method. 
The indices of this low-pass filter are shown as below: 
 

passband [0,0.318π],  + - 3 db; stopband [0.8π, π],  < -15 db 
 
The left part of Figure 6 shows the comparison between the results derived from two 
conventional methods (Bi-Linear transform method, and Impulse invariant method) and 
the results obtained from convex optimization method. We can see that, when using an 
order of n=3 & m=3, we actually can get much better results than using conventional 
methods. In the passband [0, 1], we almost get a flat response near |H(w)|=1, while the 
results from using the other two conventional methods both show some vibration away 
from |H(w)|=1. In addition, in the stopband, we get a much better depression for the 
convex optimization method than the two conventional methods. Again, we have to make 
a continuous check about the result, and the result is shown in the right part. It is really a 
reliable IIR filter. 
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Figure 6, a IIR filter design using convex optimization method 

 
 
• Conclusion 
 
We can see from the above examples and comparisons that, convex optimization method 
can be used in digital filter design problems, and we can get the results similar to or better 
than conventional methods. Although FIR & IIR filter design problems are not convex 
themselves, we can convert them into a convex one after using an auto-correlation 
transformation. For some specific problems, we can achieve the same or similar goals 
when using less order of polynomials, either in IIR or FIR. 
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